Abstract. For linear cocycles over both maps and flows, we obtain Datko-Pazy type of conditions under which all Lyapunov exponents of a given cocycle are negative. Furthermore, by combining our results with the results on subadditive ergodic optimisation, we also present new criteria for uniform exponential stability of linear cocycles.
Introduction
In the process of extending the Lyapunov operator equation to the case of autonomous systems of the form x ′ = Ax, where the operator A is unbounded, Datko [8] established his famous theorem which asserts that the trajectories of a C 0 -semigroup {T (t)} t≥0 on a Hilbert space X exhibit exponential decay if and only if they belong to L 2 (R + , X). Since then this result has been recognized as one of the major accomplishments of the modern control theory and has inspired numerous generalizations and extensions. In particular, Pazy [19] proved that the conclusion of Datko's theorem is valid even if we replace L 2 (R + , X) with any L p (R + , X), p ∈ [1, ∞). Furthermore, Datko [9] obtained related results which deal with the exponential stability of continuous-time evolution families (see [34] for related results in the case of discrete time). The far-reaching generalization of Datko's theorem for evolution families was obtained by Rolewicz [27] (see also [6, 31] ). More precisely, Rolewicz proved that for an evolution family T (t, s) t≥s≥0 of bounded operators on an arbitrary Banach space X, the following statements are equivalent:
• T (t, s) t≥s≥0 is exponentially stable, i.e. there exist D, λ > 0 such that T (t, s) ≤ De −λ(t−s) for t ≥ s ≥ 0;
• for each x ∈ X, there exists α(x) > 0 such that • N (α, ·) is continuous and non-decreasing for each α > 0;
• N (α, 0) = 0 and N (α, u) > 0 for every α > 0 and u ≥ 0.
The above result has generalized and unified many of the previously known results. The more recent contributions in this line of research deal with certain stochastic extensions (see [14] ), weaker forms of (exponential stability) (see [5, 10, 11, 15, 24] ) and with various relaxations of Datko's condition that still imply the existence of exponential stability (see [22, 26] ).
In addition, in [25] and [23] the authors have obtained Datko-Pazy type of theorems for linear cocycles. The importance of those results stems from the fact that the notion of a linear cocycle arises naturally in the study of the nonautonomous dynamical systems. Indeed, the smooth ergodic theory builds around the study of the derivative cocycle associated either to a map or a flow (see Chapters 5 and 6 in [3] ). Moreover, cocycles describe solutions of variational equations and Cauchy problems with unbounded coefficients (see Chapter 6 in [7] ). Finally, we note that cocycles describe solutions of stochastic differential equations (see [1] for details). Hence, it is of considerable interest to obtain sufficient condition which imply that the cocycle exhibits stable behaviour. We refer to [17, 28, 29] for other important works devoted to various characterizations of uniform exponential stability for linear cocycles.
In the present paper, we formulate Datko-Pazy type of conditions which imply that all Lyapunov exponents of a given linear cocycle are negative. This in turn provides sufficient conditions for the existence of a nonuniform exponential stability which includes the classical concept of a (uniform) exponential stability as a very particular case. We emphasize that nonuniform exponential stability (which corresponds to negativity of all Lyapunov exponents) is a special case of the nonuniform hyperbolicity (which corresponds to the nonvanishing of Lyapunov exponents). The latter represents an important branch of the modern theory of dynamical systems that originated in the landmark work of Pesin [20, 21] (see also [3] for detailed exposition). Our results in this direction are closely related to those in [23] with an important difference that in [23] , sufficient conditions for the existence of a nonuniform exponential stability are expressed in terms of the so-called Lyapunov norms, while our conditions are formulated in terms of original norm. Consequently, our arguments (unlike those in [23] ) rely heavily on ergodic theory.
As a by-product of our results described in previous paragraph, we also extend (for a certain class of cocycles) results in [25] that deal with the uniform exponential stability of cocycles. More precisely, the assumptions formulated in [25] that imply that the cocycle exhibits uniform exponential stability require that certain conditions hold for every point that belongs to the base space M of our dynamics. Here we show that assumptions in [25] can be considerably relaxed by assuming that those conditions hold for every point that belongs to the subset E of M , which is as large as M from the measure-theoretic point of view but can be considerably smaller from let's say dimension theory point of view (see the discussion after Theorem 3 for more details). This is achieved by using useful results of Morris [18] on the so-called subadditive ergodic optimisation.
The paper is organized as follows. In Section 2, we first give Datko-Pazy type of characterization of cocycles over maps with negative Lyapunov exponents (see Theorem 1) . Afterwards, we show that negativity of Lyapunov exponents corresponds to the nonuniform exponential stability even in the Banach-space setting (see Theorem 2) . We conclude by providing conditions for the uniform exponential stability of cocycles that extend those in [25] (see Theorem 3). In Section 3, we obtain the corresponding results for cocycles over semi-flows.
Cocycles over maps
Let M be an arbitrary compact metric space and assume that f : M → M is a continuous map. Furthermore, let X = (X, · ) be an arbitrary separable Banach space and let B(X) denote the space of all bounded linear operators on X. Finally, set
is said to be a cocycle over f if:
(
is strongly continuous, i.e. the map q → A(q)x is continuous for each x ∈ X. We recall that the map A given by (1) is called the generator of a cocycle A. Let E(f ) denote the set of all ergodic, f -invariant Borel probability measures on M . Since M is compact and f continuous, we have that E(f ) = ∅. Observe that:
• the map q → A(q, n) is Borel-measurable for each n ∈ N (see [13, Lemma 2.4.]); • it follows from the strong continuity of A, compactness of M and the uniform boundness principle that
Hence, the Kingman's subadditive ergodic theorem [16] implies that for each
The number λ µ (A) is called the largest Lyapunov exponent of a cocycle A with respect to µ. The following result gives a Datko-Pazy type of characterization of cocycles with the property that λ µ (A) is negative.
Theorem 1. For any µ ∈ E(f ), the following properties are equivalent:
(1) there exist a Borel-measurable function C : M → (0, ∞) and p > 0 such that for µ-a.e. q ∈ M and x ∈ X,
Proof. Assume first that λ µ (A) < 0 and take an arbitrary ε > 0 such that λ µ (A) + ε < 0. It follows from (3) that
for µ-a.e. q ∈ M . Obviously, C is measurable and A(q, n) ≤ C(q)e n(λµ(A)+ε) for µ-a.e. q ∈ M and n ∈ N 0 .
Take now any p > 0 and x ∈ X. It follows from (6) that
and consequently (4) holds with
Conversely, let us assume that there exist a Borel-measurable function C : M → (0, ∞) and p > 0 such that (4) holds for µ-a.e. q ∈ M and x ∈ X. Let
Noting that
for µ-a.e. q ∈ M and every x ∈ X.
Since C is measurable, there exists a Borel set E ⊂ M such that µ(E) > 0 and
Set
Lemma 1. For any m ∈ N, q ∈ E and x ∈ X, we have that
Proof of the lemma. Note that
On the other hand, (7) and (8) imply that
and thus
Combining (10) and (11), we conclude that (9) holds.
On the other hand, it follows from Poincare recurrence theorem (see [33] ) that µ(E ′ ) = µ(E), where
For each q ∈ E ′ , set
Moreover, let
and consider the cocycle A overf and with generator A. Note that
where
Lemma 2. For each q ∈ E ′ and n ∈ N, we have that
Proof of the lemma. By (9) and (12), we have that
By iterating, we conclude that (13) holds.
It follows from (7), (8) and (13) that
for every x ∈ X, n ∈ N and q ∈ E ′ . Therefore,
By (14),
Consequently, for µ-a.e. q ∈ E ′ we have (using (12) and (15)) lim sup
where we have also used Kac's lemma (see [33] ) which implies that
for µ-a.e. q ∈ E ′ .
Finally, since for µ-a.e. q ∈ E ′ we have
it follows immediately from (16) that λ µ (A) < 0.
The importance of Theorem 1 stems from the fact that the negativity of the largest Lyapunov exponent corresponds to the concept of the nonuniform exponential stability. More precisely, we have the following result.
Theorem 2. Assume that that λ µ (A) < 0 for some µ ∈ E(f ). Then, for each ε > 0 there exists a measurable function T : M → (0, ∞) such that:
(1) for µ-a.e. q ∈ M and n ∈ N 0 ,
(2) for µ-a.e. q ∈ M and n ∈ N 0 ,
Proof. We follow closely arguments in [12, Theorem 2.] (which are in turn inspired by classical ergodic theory arguments). Let C be as in (5).
Lemma 3. We have that
Proof of the lemma. Since
we have that
Hence,
It follows from (2) that there exists ψ > 0 such that
We note that
for q ∈ M and n ∈ N. Note that D + := max{0, D} is integrable. It follows from Birkhoff's ergodic theorem, there exists a ∈ [−∞, ∞) such that
for µ-a.e. q ∈ M . It follows from (20) and (21) that
On the other hand, since µ is f -invariant, for any c > 0 we have
which implies that a ≥ 0. Therefore,
Since C(q) ≥ 1, we conclude that (19) holds.
It follows from [1, Proposition 4.3.3.] and (19) that there exists a measurable function T : M → (0, ∞) satisfying (18) and such that C(q) ≤ T (q) for µ-a.e. q ∈ M . Together with (6) this implies that (17) also holds. Remark 1. We emphasize that the concept of nonuniform exponential stability is a particular case of the notion of a tempered exponential dichotomy which was recently studied in a Banach space setting in [35] and [2] .
We shall now show that Theorem 1 when combined with the result obtained by Morris [18] (building on the earlier work of Schreiber [30] and Sturman and Stark [32] ) gives also new conditions for uniform exponential stability of continuous cocycles, i.e. of cocycles with the property that A : M → B(X) is a continuous map. We will say that a Borel subset E ⊂ M has full-measure if µ(E) = 1 for every µ ∈ E(f ).
Theorem 3.
Assume that A is a cocycle over f such that the map A given by (1) is continuous. Then, the following properties are equivalent:
(1) there exist a Borel-measurable function C : M → (0, ∞), a fullmeasure set E ⊂ M and p > 0 such that (4) holds for each q ∈ E and x ∈ X; (2) A is uniformly exponentially stable, i.e. there exist D, λ > 0 such that A(q, n) ≤ De −λn for every q ∈ M and n ∈ N 0 .
Proof. Proceeding as in the proof of Theorem 1, it is easy to verify that (22) implies that (4) holds for any p > 0, q ∈ M , x ∈ X and with a constant function C : M → (0, ∞).
Let us establish the converse. Assume that there exist a Borel-measurable function C : M → (0, ∞), a full-measure set E ⊂ M and p > 0 such that (4) holds for each q ∈ E and x ∈ X. It follows from Theorem 1 that
Consider a sequence of maps (F n ) n∈N , where F n : M → R ∪ {−∞} is given by F n (q) := log A(q, n) for q ∈ M and n ∈ N, (24) with the convention that log 0 := −∞. Note that since A and f are continuous, F n is upper semi-continuous for each n ∈ N. Moreover,
Therefore, it follows from [18, Theorem A.3.] that there exists ν ∈ E(f ) such that lim
which together with (23) implies that
Hence, there exist λ > 0 and n 0 ∈ N such that max q∈M F n (q) ≤ −λn for every n ≥ n 0 , which in a view of (24) readily implies (22) .
Finally, we note that Theorem 3 generalizes (for continuous cocyles) the following result established in [25] .
Corollary 1.
(1) there exist C > 0 and p > 0 such that for q ∈ M and x ∈ X,
(2) there exist D, λ > 0 such that (22) holds.
Proof. The proof follows by applying Theorem 3 for E = M (which is obviously set of full-measure) and C(q) = C, q ∈ M .
Remark 2.
We would now like to compare Theorem 3 and Corollary 1. More precisely, we want to explain why Theorem 3 represents a nontrivial and meaningful extension of Corollary 1. We first note that in the statement of Corollary 1 it is required that (25) holds for every q ∈ M . On the other hand, in Theorem 3 we required that (4) holds for each q ∈ E, where E is a set of full-measure. This means that M \ E is negligible from measuretheoretic point of view, i.e. µ(M \ E) = 0 for each µ ∈ E(f ). However, it follows from results in [4] that in many generic situations, M \ E can carry full topological entropy and full Hausdorff dimension, i.e. can be as large as the whole space M with respect to those two notions. In particular, in such situations M \ E is non-empty (and in fact uncountable). Finally, we note that in the statement of Theorem 3, we have required the existence of a measurable, not necessarily constant function C : M → (0, ∞) such that (4) holds. On the other hand, the condition (25) involves the same C > 0 for all q ∈ M . We conclude that Theorem 3 represents a substantial and nontrivial generalization of Corollary 1.
Remark 3. We would also like to emphasize that Theorem 3 deals with continuous cocycles, while all results in [25] consider strongly continuous cocycles. Certainly, the assumption that the cocycle is continuous is more restrictive. However, it still includes many interesting classes of dynamics that arise in applications (see [7, Chapter 8.] ).
Cocycles over semi-flows
We continue to assume that M is a compact metric space and that X is a separable Banach space. A family of maps Φ = (ϕ t ) t≥0 , ϕ t : M → M is said to be a semi-flow if:
(1) ϕ t is a continuous map for each t ≥ 0;
(1) A(q, 0) = Id for q ∈ M ; (2) A(q, t + s) = A(ϕ s (q), t)A(q, s) for q ∈ M and t, s ≥ 0; (3) (q, t) → A(q, t)x is a continuous map on M × [0, ∞) for each x ∈ X. It follows easily from the uniform boundness principle and the assumption that M is compact that A is exponentially bounded, i.e. that there K, ω > 0 such that A(q, t) ≤ Ke ωt for q ∈ M and t ≥ 0. (26) Let E(Φ) denote the space of all ergodic, Φ-invariant Borel probability measures. It follows from Kingman's subadditive ergodic theorem [16] 
As for cocycles over maps, the number λ µ (A) is called the largest Lyapunov exponent of the cocycle A with respect to µ.
for each x ∈ X and µ-a.e. q ∈ M .
Proof. Assume first that λ µ (A) < 0 and take an arbitrary ε > 0 such that λ µ (A) + ε < 0. It follows from (27) that
for µ-a.e. q ∈ M . Obviously, A(q, t) ≤ C(q)e t(λµ(A)+ε) for µ-a.e. q ∈ M and t ≥ 0.
For any p > 0, using (30) we have that
for µ-a.e. q ∈ M and x ∈ X. Hence, (28) holds with
We now establish the converse to Proposition 1.
Theorem 4. Assume that there exist p > 0 and a measurable function C : M → (0, ∞) such that (28) holds for each x ∈ X and µ-a.e. q ∈ M . Then, λ µ (A) < 0.
Proof. If follows from (26) that
for µ-a.e. q ∈ M , n ∈ N 0 , t ∈ [n, n + 1] and x ∈ X. Thus, 
for µ-a.e. q ∈ M and every x ∈ X. Note that the restriction of A to M × N 0 is a cocycle over ϕ 1 and that µ ∈ E(ϕ 1 ). Hence, it follows from Theorem 1 and (31) that lim n→∞ 1 n log A(q, n) < 0 for µ-a.e. q ∈ M , which implies that λ µ (A) = lim t→∞ 1 t log A(q, t) = lim n→∞ 1 n log A(q, n) < 0.
The following is a continuous-time version of Theorem 3.
Theorem 5.
Assume that A is a continuous cocycle over Φ. Furthermore, suppose that M is a compact topological space. Then, the following properties are equivalent:
(1) there exist a Borel-measurable function C : M → (0, ∞), a fullmeasure set E ⊂ M and p > 0 such that (28) holds for each q ∈ E and x ∈ X;
(2) A is uniformly exponentially stable, i.e. there exist D, λ > 0 such that A(q, t) ≤ De −λt for every q ∈ M and t ≥ 0.
Proof. We shall show that (1) implies (2) since the converse is easy to show. It follows from Theorem 4 that λ µ (A) < 0 for every µ ∈ E(Φ).
For each t ≥ 0, we define F t : M → R ∪ {−∞} by F t (q) = log A(q, t) , q ∈ M.
Note that F t is upper semi-continuous and that F t+s (q) ≤ F t (ϕ s (q)) + F s (q), for q ∈ M and t, s ≥ 0.
It follows from (33) and [18, Theorem A.3 .] that lim t→∞ 1 t log max q∈M A(q, t) < 0, which immediately implies (32) .
The following result is a direct consequence of the previous theorem. For the general case of strongly continuous cocycles it has been proved in [25, Theorem 2.3.] .
